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Abstract--A finite element method using curvilinear elements
is presented for modeling the sliding surface in rotating electric
machines. The advantage of the proposed method is that the
mesh has the same curved shape as the geometry and thus
numerical accuracy is improved when connecting the stator
mesh and the rotor mesh across a sliding surface. The procedure
is applied to the compution of cogging torque for a permanent
magnet motor. Different methods to reduce the cogging torque
are then evaluated and compared.

Index Terms--Cogging torque, curvilinear element, electric
machine, finite element, permanent magnet.

I. INTRODUCTION

The finite element method (FEM) for magnetic field
computation is widely used to simulate the operation of
electric machines [1]. In two dimensions, triangular finite
elements with straight edges are most commonly used. To
improve the accuracy of the field approximation, the
magnetic vector potential can be expressed in terms of
second-order shape functions. In these elements, the value of
the magnetic potential at any point in the element is
interpolated according to the values at six nodes. An obvious
advantage of straight-sided elements is algebraic computation
of the finite element integrals; its shortcoming is the loss of
accuracy in modeling curved shapes. In electric machines,
objects with circular shapes are very common. Thus the
accuracy of the second-order elements is often lost due to
poor geometric approximation.

In electric machines, electromagnetic modeling must be
able to account for mechanical displacement caused by the
relative movement between the stator and the rotor. One
simple and effective method to accomplish this is to separate
the solution domain into a stationary part and a moving part
[2]. The magnetic field formulation of each part is established
in its own coordinate system without relative movement. The
solutions of the two parts are connected together by using
matching boundary conditions on the interface between the
stator mesh and the rotor mesh. We will call this interface the
sliding surface since the rotor mesh slides over the stator
mesh along this interface. During rotation, the two surfaces
on the two sides of the sliding surface may be inconsistent as
the rotor rotates to a different position. To solve this problem
and to increase the accuracy approaching the curved
geometry, a curvilinear element is presented in this paper.
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In permanent magnet (PM) motors, cogging torque is one
of the main causes of vibration and noise. The accuracy of
the computation of the cogging torque is very sensitive to the
quality of the mesh and the geometry of the airgap. The
proposed FEM is applied to calculate the cogging torque of a
permanent magnet motor. Different methods to reduce the
cogging torque are evaluated and compared.

II. MESH CONNECTION

The airgap of the motor is divided into two parts. One
belongs to the stator mesh and another belongs to the rotor
mesh. The stator mesh and the rotor mesh are generated
independently. When the rotor rotates, the rotor mesh will
rotate. The shape of the mesh is kept fixed. Assuming the
nodes on the sliding surface on the rotor mesh are slave
nodes, as shown in Fig. 1, one has:

Ay =N, A +N,A4,+ N, A,
Ay =NA; + N A, + N, A

where N is the shape function of the edge.

Stator mesh

Sliding surface

Rotor mesh

As A7 As

Fig. 1. A straight line sliding surface

With rotation machines, the sliding surface is a circle. At
the initial position, the mesh on the two sides of the sliding
surface can be consistent as illustrated in Fig. 2. However,
after the rotor rotates, because the edge of the element is a
straight line, the inner surface of the stator mesh and the
outside surface of the rotor mesh on the two sides of the
sliding surface may be inconsistent as illustrated in Fig. 3. In
some areas there may be a gap between meshes; in other
areas the mesh may overlap.

Several methods can be used to solve this problem, such as
shifting the nodes, modifying the mesh, or re-meshing the
airgap. Here we employ curvilinear elements on the two sides
of the sliding surface.
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Fig. 2. Stator mesh and rotor mesh at initial position
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Fig. 3. Stator mesh and rotor mesh after rotation

III. FEM USING CURVILINEAR ELEMENTS

A 2-D FEM is used to compute the magnetic fields in the
cross-section (x-y plane) of electric machines. The magnetic
vector potential has only the component in z direction. For
simplicity, circuit coupling [3] is not addressed here.

A. Field Equations

Maxwell’s equations applied to airgap, iron core, stranded
windings and PM regions give rise to the following diffusion
equation [4]:

Vx(VVxA)+G%1=J+VxHC (1)
where A is the magnetic vector potential; v is the reluctivity
of material and o is the conductivity. The first term on the
right in (1) only exists in stranded windings where J is the
winding current density; The second term on the right in (1)
only exists in permanent magnets and v equals to the
equivalent reluctivity in the permanent magnet; H. is the
permanent magnet coercivity. In 2-D problems, supposing
the solution domain is on x-y plane, A4 has only a z-directed
component:

A=Ak )

B.  Shape Functions

In 2-D, the shape function NV has components only in the z
direction:

N = Nk 3)

Using the isoparametric second-order curvilinear elements
in Fig. 4, the polynomial basis of the shape functions is [5]:
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while the shape functions corresponding to each node are:
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where
§0+§1+§2:1 (6)

Therefore, the natural coordinates x and y can be expressed
as:

N, (st)xk ™

0
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Six points are required to transform from global
coordinates to local coordinates. This allows the edges of the
elements to be curvilinear.

The coordinates and the magnetic potential are modeled by
the same shape function. The magnetic vector potential can
be expressed as:
®)
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Fig. 4. Isoparametric second-order curvilinear element

C. Space Discretization

By applying Galerkin’s method and using the shape
function N as the weighting function, the magnetic field
equation becomes:

1, %A - x Na2+ [0 2 Nag2

=“!.)I~Nd_Q+HQ(V><HC). NdOQ )

The (x, y) global coordinates are transformed to the (&, &)
local coordinates. The integration is done in local
coordinates. Because the curvilinear element becomes a
triangle in the local coordinates, the integration is still easy.
Breaking the integrals into summations over the elements on
the local coordinates yields:
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With anisotropy materials, the coordinates are rotated first
so that x and y axes align with the axes of the material. The
magnetic reluctivity can be expressed as the tensor:

v, 0
V= (11)
0 v,
The Jacobian matrix of the coordinate transformation is:
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In straight-sided elements, the coefficients of the Jacobian
matrix are constant, but in curvilinear elements their values
change with position. Because the integrated function
changes with position in the element, it is difficult to perform
algebraic integration. Here Gauss-Legendre numerical
integration [6] is used to evaluate the coefficients of the
curvilinear element.

D. An Example to Show the Accuracy Improvement

The curvilinear element has been applied to model rotating
2-D transient FEM problems. The elements on the two sides
of the sliding surface are curvilinear. The simple example in
Fig. 5 having two permanent magnets and a coil is used to
study the error in the computation. The rotor is made of iron.
To enlarge the numerical error for comparison, a coarse mesh
with about 1500 triangles in the airgap is used as shown in
Fig. 6. When the rotor rotates, the coil should theoretically
have no induced electromagnetic force. But because of
numerical error, the computed electromagnetic force in the
coil is not exactly equal to zero. The computed
electromagnetic forces using the straight-sided element and
the curvilinear element are shown in Fig. 7 and Fig. §,
respectively. In both cases the mesh density is the same. It
can be seen that the accuracy is significantly improved with
the new method.
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Fig. 5. A simple example to show the accuracy improvement
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Fig. 6. Mesh in the airgap of the simple example
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Fig. 7. Induced e.m.f. using the straight-sided elements (e, = 0.0283 V)
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IV. COGGING TORQUE COMPUTATION

The cogging torque of a PM motor with 56 poles and 42
slots is studied using the curvilinear FEM. Due to symmetric
geometry and current sources, only a 1/14 of the problem
region is required for the solution domain. The cross-section
of its geometry is shown in Fig. 9. Although applying a
fractional slot pitch can significantly reduce the cogging
torque, it will produce an unbalanced radius force [7] and
will not be discussed here.

Fig. 9. The cross-section of the PM motor

A. Calculation of the back e.m.f. at no-load

Comparing the calculated and measured back e.m.f.
waveforms is an easy method to check whether the setup of
the magnetic properties in the simulation is correct. In the
experiment, another motor is required to drive the testing
motor to a constant speed. The three windings of the testing
motor are open-circuited. When the motor rotates at the
speed of 149.5 rpm, the calculated and measured back e.m.f.
waveforms are shown in Fig. 10 and Fig. 11, respectively.
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Fig. 10. Computed back e.m.f. of the motor at 149.5 rpm without load
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Fig. 11. Measured back e.m.f. of the motor at 149.5 rpm without load

B. The Basic Design

The original design does not include any mechanism to
reduce cogging torque. It uses straight permanent magnets
along the axis. The surface of the stator teeth forms a circular
arc which has the same center as the axis of rotation and has
a uniform airgap. For calculating the cogging torque, the
conductivities of all materials are set to zero. The rotor
rotates at a constant speed of 1 degree/sec. Fig. 12 presents a
plot of the cogging torque when the rotor rotates
(360/42)x2=17.14 mechanical degrees, which is equal to the
distance of two stator teeth. The magnitude of the cogging
torque from the measurement is about 1.6 Nm and verifies
the calculated results. A typical force density distribution is
shown in Fig. 13. The no-load back e.m.f. is shown in Fig.
14. The load torque when the motor is at two-phase-on
excitation with rectangular current waveform is shown at Fig.
15.
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Fig. 12. Computed cogging torque (|7],,=0.9847 Nm)



Fig. 13. Force density distribution

Back EMF vs Time
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Fig. 14. Computed back e.m.f. (e,=106.8 V) at 300 rpm

Torque vs Time

aoe

NEEVA AN AN A
VA VANVAN /
VALY [/ /N /
6\/ A4 \J \Vj A/

time (sec)

Fig. 15. Computed load torque (7,,=8.014 Nm) at the speed of 300 rpm

C. The Motor with Large airgap

A simple method to reduce cogging torque is to increase
the airgap. The cogging torque, the no-load back e.m.f. and
the load torque when the thickness of the airgap is doubled

are shown in Figs. 16, 17 and 18, respectively.
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Fig. 16. Computed cogging torque (|7],,=0.3159 Nm)
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Fig. 17. Computed back e.m.f. (e,=84.19 V) at 300 rpm
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Fig. 18. Computed load torque (7,,=6.276 Nm) at 300 rpm

D. The Motor with Non-uniform Airgap

Another method to reduce the cogging torque is to use a
non-uniform airgap under the teeth. The surface of each tooth
is still a circular arc but with a smaller radius. In this design,
the minimum airgap is kept the same as in the original
design. The shape of the teeth is shown in Fig. 19. The
cogging torque, the no-load back e.m.f. and the load torque
are shown in Figs. 20, 21 and 22, respectively.
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Fig. 19. A tooth with non-uniform airgap
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Fig. 20. Computed cogging torque (|7],,=0.2137 Nm)

Fig. 21. Computed back e.m.f. (e,=96.71 V) at 300 rpm
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Tarque vs Time
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Fig. 22. Computed load torque (7,,=7.213 Nm) at 300 rpm

E. The Motor with Skewed PM

An effective method to reduce the cogging torque is to use
skewed permanent magnets. For motors with skewed
slots/permanent magnets, a multi-slice FEM model has been
developed [8]. However, if only to calculate the cogging
torque, the 2-D FEM model of each slice can be solved
seperately. Here the model of the motor is seperated into 20
slices along the axial direction. The total torque is the
average value of all slices. When the permanent magnets are
skewed 0.26 of the tooth pitch with uniform airgap, the
cogging torque, the no-load back e.m.f. and the load torque
are shown in Figs. 23, 24 and 25, respectively.
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Fig. 23. Computed cogging torque (|7],,=0.05603 Nm)



Bock EMF vs Time V. CONCLUSION

The proposed FEM using curvilinear element can
T significantly reduce the numerical error for connecting the
/ stator mesh with the rotor mesh. It has been successfully

applied to calculate the cogging torque of a PM motor. For
the motor studied in this paper, the design using a non-
/ uniform airgap under the teeth can significantly reduce the
cogging torque. Skewed permanent magnets is the best way
\ to reduce the cogging torque if manufacture process allows
such structure.
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Fig. 24. Computed back e.m.f. (e,~=101.2 V) at 300 rpm
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TABLE I COMPARISON OF DIFFERENT DESIGNS
Basic Large-airgap Non-uniform Skewed-PM
Cogging torque |7,y (Nm) 0.9847  0.3159 0.2137 0.05603
Back e.m.f. eqr (V) 106.8 84.19 96.71 101.2
Load torque | 7], (Nm) 8.014 6.276 7.213 8.013
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